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NONLIMWR SECTIOiN LIFT DATA
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.1 mtthod is presfntwl jor calculating wing characteristics by
l(fting-line theory using nonlinear section l~t data. Material

from carious sources is combined with some original r.corlcinto
k single complete method described. .Uuli%opp’s systems oj
multipliers are employed to obtain the induced angle oj attack
dir~ctl~y.from the span wise lijt distribution. EqlLatio[i.s are
drwloped for obtaining these multipliers ~or any eren number
c:f spa nwise stations, and ccdues are tabulated jur 10 stations
alcIng the .wrni.span -for asymmetrical. symmetrical, and anti-
*ym metrical li~t distn.bution,s. In order to minimize the eom-
p)[ting time and to illustrate the procedures incolred, simpli$ed
ct)mputing .forrns containing detui[ed examples am giwn for
.qymmetrical l<ft di~trib~~ions. Simiiarjor-rns for=asymmetrical
aml ani+isymmetrica[ l(ft distributions, a[though not shown, can
hP riwlihy constructed in the same manner as those gimn. The
adaptation qf the method -for use with ~inear section lift data
iv ako i[iustrated. This adaptation hag bwn found to require
IPSScomputittg tit(ie than most existing methods.

The wing characteristics calculated jrom general nonlinear
.wctio IL i ( ft data haw b~e:n .fou nd to agree much closer with e.r-
perim~ntal da~a in thy rqion qf marimum lijt coefficient than
thIw calculated on tfw assumption qf linear section lift curres.
Thy calculations cre subject to the [imitations o-f l,(fting-line
th~ory and shouh[ not be e$pectea’ to gire accurate results -for
u>;ngs ~f lww aspect ratiu and large amounts oj sweep.

INTRODL!CTION-

TILe lifting-line theory is the best known and most readiIy
applied [ht’01~ for obtaining the sptinirise Iift clistribution of
Hv-in-gand the sul Hx/ uent determ inat ion of the aerodynamic
[,ll>lrtlf,tt~ristirs of the wing from tn-o-climensional airfoil data.
TiJP characteristics so determined are in fairly close agree-
ment lvith exp(erimentaI re5nIts for Ivings with wnaH amounts
{~fSIVeCp ancl fvitll moderate to high Talues of aspect ratio;
for this reason, this theoq= k served as the basis for a large
part of present wronautiml knowledge.

Tll[~ bypoth~sis upon which the theory is based is that a
lifting \ving can be replaced by a lifting line and that. the
incremental vortices shed along- the spa~ trail bebind the
wing in straight lines in the direction of the free-stream
vl*Iority. The strength of these traiIing vortices is propor-
tional to the rate of change of the lift aIong the span, The
trailing vortices induce a veIocity nornlaI to the direction of
ttle free-stream -reIocity and to the lifting Iine. The effec-
tive angle of attack of each seetiou of the wins is therefore

different from the geometric angle of attack by the amount,
of the angIe (caI}ecl the induced angle of attack) whose
tangent is the ratio of tht’ value of the induced -ieloeity at
the lifting Iine to the value of the free-stream velocity. The
efl’ective angIe of attack is thus related to the lift (distribution
through the incluceci angle of attack. In addition, the ef-
fective angIe of attack is reIatecI to the section Iift coefficient
according to two-dimensional data for the airfoil sections in- .
corporate in the wing. Both relationships must be simul-
taneously satisfied in the calculation of the lift distribution
of the wing.

lf the section lift curves are Iinear, these relationships may
be exprwsec[ by LLsingIe equation which can be solved analyt-
ically. In general, howe~-(’r, the section lift curves are not
hnear, particularly at. high angles of attack, and analytical _
soIutions are not feasible. The method of calcukting the
span-wise Iift distribution using nordinear section lift d~ta
thus becomes one of mnking successive appro.tirnations of
the lift distribution until one is found that simultaneously
satisfies the aforementioned relationships.

Such a method has been used by W’iesekberger (refereRce I)
for the region of matiurn Iift coefficient and by Boshar
(reference 2) for high-subsonic speeds. Both of these \vriters
usecl Tani’s system of multipliers for obtaining the induced
angIe of attack at five stations a~o~m the semispzm of t~e
wing (reference 3). Tani, how-ever, considered only the case
of wings with symmetrical lift, distributions. lIulthopp
(reference 4), us~~ a somewhat different matl~ematical treat-
ment from that ~vhicb Tani used, derived systems of multi-
pliers for symmetrical, antisymmetricaI, and as-yrnmetrieaI
lift distributions for 4, 8, and 16 stations along the semispan.
llulthopp’s derivation, in slightiy cliflerent form and nomen-
clature, is presented herein and tables are gi~en for Lhe
multipliers for 10 stations aIong the semispan (the usual
number of stations considered in many reports in the United
States).

For symmetrical distributions of wing chord and angle of
attack, the multipliers for s-yrnmetrica~ lift distributions may
be used -with nonlinear or linear section Iift curves. For
asymmetrical clistributions of angle of attack, the multi-
pliers for asyrmnetrieal lift c{istributions must be used if
nonlinear section lift cur-res m-e used. If an asymmetrical
distribution of angle of attack can be broken up into a
symmetrical and an antiseymmetrical distribution, the anti-
s-j-m.metrical part may be treated separately if the section
lift curves can be assumed to be linear.
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The purpose of the present paper is to combine the con-
tributions of Multhopp and several other writers, together
with some original work, into a single complete method of
calculating the lift distributions and force and moment
characteristics of wings, using nonlinear section lift data.
Simplified computing forms are given for the calculation of
symmetrical lift distributions and their use is illustrated by
a detailed example. The adaptation of the method for use
with linear section lift data is also illustrated. No forms
are given for asymmetrical or ant.asymmetrical lift distri-
butions inasmuch as such forms would be very similar to
those given.

s

b
c
c~
c~
z

c’

A
x

?/
z

Q

R

P

1’7

P

c.

c1

L

1

(2.

CD,

c
Df

cd.

cdi

D
cm

&ci4

M
G’,
L’
c.,
Cno
CY

~a

~aa

SYMEOLS
;ving area
wing span
chord at any section
root chord
tip chord
mean geometric chord (S’/b)

mean aerodynamic chord (;~’’c%l,)

aspect ratio (b2/S)
coordinate parallel to root chord
coorcfinate pc~rpcndicular to plane of symmetry
coordinate perpendicular to root chord and paraHel

to plane of symmetry

free-stream dynamic pressure
()

; pv’

Reynolds number (P~7C/Por pVc’/I.L)

mass density
free-stream velocity
coefficient of viscosity
wing lift coefficient (-L/qS)
sectiou lift coefficient (1/gc)
wing lift
section lift
wing drag coefficient (D/qS)
wing profile-drag coefficient
wing induced-drag coefficient
section profile-drag coefficient
section induced-drag coefficient
wing drag
wing pitc}ling-lllolllellt coefficient (Af/@c’)
section pific.hing-moment coefficient abou~ section

quarter-chord point
wing pitching moment
wing rolling-moment coefficient (L’/qSb)
wing rolling moment
wing induced-yawing-moment coefficient
wing profile-yawing-moment coefficient
angle of attack of any section along the span

referred to its chord line
angIe of attack of root section referred to its chord

line
angle of attack of root section referred to its zero

lift line

section induced angle of a~tack
effective angle of attack of any section
section angle of attack for bw-o-dimensional airfoils
angle of zero lift of any section
angle of zero lift of root section

wing angle of attack for zero lif~
geometric angle of twist of any section along tho

span (negative if washoub}
aerodynamic angle of t}vist. of any section along the

span (negative if washout)
geometric angle of ~wis~ of Lip section
aerodynamic angle of twist of tip section
wing Iift-curve slope, per degree
section lift-curve slope, per degree

(Two-dimensional lift-curve”slope
Edge-veIocity factor ),

coordinate (;y/b) “
coefficients in trigonometric series
multiplier for induced angle of atttick (asymmetrical

distributions)
multiplier for induced angle of attack (symmetrical

distributions)
multiplier for induced angle of attack (antisym-

metrical distributions)
multiplier for lift, drag, and pitching-moment

coficients (asymmetrical distributions)
multiplier for lift, drag, and pitching-moment

coefficients (symmetrical distributions)
mu~tiplier for rolling- and yawing-moment coeffi-

cients (asymmetrical distributions)
multiplier for rolling-moment coefficient. (an Li-

symmetrical distributions)

(Semipcrimekr
edge-velocity ffictor

span )
Subscripts:
max maximum value
al value for additional lift (CL= 1)
b value for basic lift (C’L=O)

[~) value for constant value of aa$
value for given vaIue of e~t

THEORETICAL DEVELOPMENT OF METHOD

LIFTDISTRIBUTION

The methods of Tani (reference 3) and hfulthopp (refer-
ence 4) for determining the induced angIe of attack are
fundamentally the same, differing onIy in the mathematical
treatment. The method presented herein is essentially tho
same as that given by MuMmpp. In the following deriva-
tion the spanwise lifL distribution is expressed as the trig-
onometric series

c+=~An siIl ne (1)

2y
as in reference 5, where @is defined by the reIation cos 0= -“

b
It may be noted that each coefficient A.%,as used herein, is
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be shown thab, if cos @#1,It Crmeqmd to four times khe correspondi~~ coticient in reference 5.
The induced angle of att%ck (in degrees) at a pointy, on the T-1

En cos n+=
r Cos (r—l)@—(r—l) Cos T@ —-l

n=l 2(1– COS4)
lifting line is

If @=O, a numerical series is obtained(2)

~as given by

?41-?4

This integral (in different nomenclature)

r-l
= Jr; 1)
m=l

By use of these relationships in equation (7) it is found that
when k&m is odd,

Prandtl in reference 6. If equation (1) is substit~ted in~o
equation (2) and the variable is changed from y to 6, the
induced angle of attack at the generaI point. o becomes,
wcording to reference 5,

(3)
when k=m,

The problem of obtaining the induced angle of attack is thus
reduced to one of determining the coefficients of the trigo-
nometric series.

The Iift distribution (equ&tion (1)) may be approximated
by a finite trigonometric series of r– 1 terms where, for sub-
sequent usage, r is assumed to be even. The values of ct.c/b

at. the equaIIy sp~ced points 19=m~Tin the range O<6<7i are

expressed as

(gb) _

(8c)

and ~heD k&-m is even and k+m.,

8.,=0

a symmetrical lift distributionFor

(%9.=(%(4)
and

ffik=ff+~
where m=l, 2, 3, . . . r—l. Conversely, if the }-aIues of
cfi/6 are known at each point, the coefficients An of the fite so that the summation for a~k needs to

to rJ.Z
be made only from 1

swies may be found by harmonic anaiysis as

.-l.=: ~$l~+jmsin n?

If equation (5) is substituted in equation

(9)(5)

(3), a double where, -when kkm is odd,

summation is obtained for the induced angle of attack as

~ ~(~js ~zl~i~ ~ (~, n sin 726) [~ ~1 ~+~ sin rim+]
,?U

=4m~s~n@ ~lff)m’S:[COS n~–~”)– cos n(e+ Y)]

If the induced angle of attack is to be determined at the
same points 6 at which the load distribution is known, that.

kT
is, at the points 8=Y~ then

“2,= *”’gl~+)mg; [Cos ?#’–r%eos ~ (Hp” 1-.

=SJyjmf?mk (6)

where

1%= 180 ‘~n [Cos n@-r@~-cos ~(~+r+-] (7)
Afl s~ L? ..1

r

[

cob (k+-m)r cot (k–m)~

~. (k+rm) r–sin 1(Ln)r r

(lea)

(lob)180=—

(

!i?kr
Tr Cos y+l

)

180r
(1OC)

and when k + m is e~en and k # m,

Amk=o
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For an antisymmetrictd lift. distribution

(3.=-(9...

In this case the summation for a,, rieeds to be made only
\

()from 1 to ~— 1 since ‘<
b ,,,

=0; then

(11)

?mk=b’mk-@r-m, k

180

[

1 1.—
~~r (k+m)~–~in, (L–m)r 1 (12a)

sinz ~. r

when k=m,

(lzb)

‘-ym~= o (12C}

31ultip]icrs cm thus be calculated so that the induced
angle may be readily obtainccl by multiplyil~g (he knOWD
values of clc~b by the appropriate multipliers ond adding the
resulting proclucts. The multipliers are indrp(’ndrnt of the
aspect ratio and taper ratio of the };’ing. Tables 1 nnd II
present values of ~~k, and l~k an[l y~k, rcspectivcly, for

r=20, Similar tabks for so k~k and +g~ y,,,~ arc given in

TABLE 1.—1NDUCED-.AXGLOFOkTTkkCKkCK MULTIPLIERS @m& FC)R .KXkINETRIC.iL LIFT DISTRIBUTIONS 1

[Q’~=:u%)=@
.-

\

! ~ ~~~ “’ , ‘ i“ ~~ -.

—.

\ 21
-:———

\ z –0. 98ii –o. 9511 –O. 8910 –o. 3090 –o. 7071 –o. 5&% -0.,4540 –o. 3090 –O. 1564 0

*V ‘\—._—
. . k 19

F 18 17 16
\

L5 14 “.13 12 11 10.,.
=-—

–0, 9877 19 915.051 – 160.985 0 –7. 019 ‘o –1. ibl o –o.4s6 o –0. 270 I 0.9677
.—

-.9511 18 –329.8.59 463.533 –12.z 749 ,0 —7.438 0 ,-1. Wz o —.701 0 2

–. 8910

.9511

17 0 –w. 336 315.512 –96, 737 0 -7.073 ‘o -1 Q2i3 o –. 819 3 .8910

-, 802+3 16 -26.374 0 –W. 246 243.694 –81. 067 0 -6.630 0. –1. 977 0 4 .W90

—.7071 15 0 –17. 020 u –97. 524 Z22.m -71.139 0 -6.351 0 –2. 026.._ 5 7071

-.5878 1+ –7. 246 0 –B. 804 0 –81. 392 177.054 =:64.735 0 –6.228 o 6 .5878

-.4540 13 0 –5. 166 0 – 10.126 0 –71. 296 -100.761 –60. 725 0 –o. 192 7 .45io

-,3090 12 –2. 958 0 -4.022 0 -3. 5m o –64 817 150.611 –58. 514 0 8 .3090

–, 1564 I 11 0 –2.241 o –3. 322 0 –7. 604 “-.0 – 00.708 145.025 -57.812 9 .1584

0 10 -1.168 0 –1. 804 0 –2. 865 0 ‘–6. 950 0 -58.533 143.239 10 0

.15$4 9 0 –1. 153 0 –1. 518 0 –!2.554 0 – 6.530 0. –57. 812 11 -.1564

.3090 8 –. 810 0 -.946 0 -1.319 0 –2 340 0 –0.288 o—
12

——
-.3090

.4540 7 0 –. 646 0 –. 3m o –1. 176 0 -Z 192 0 –6. 192 13 –. 4540

.5678 6
-

–. 467 0 –. 530 0 -.691 0 -1.068 0 -z 092 0 14 -. 5S78

.7071 5 0 –. 368 D –, 441 0 –. 604 “-o –. 981 0 –202G 15 -.7071

S090 4 –. 301 0. ~.291 o –. 366 0 –. 528 -0 –. 903 0 16 -. moo

.Kuo 3 0 –. 192 0 –. 225 0 –, 297 ‘“ o -.452 0 –. 319 17
.—

-.8910

.9511 2 -.118 0 -.130 o’ –. 161 0 –. 224 .0 -.361 0 18 -.9511

.9877 1 0 –. 060 0 –. 069 0 –. 090 .0 -.133 0 –. 230 19 –. wi

I 2 ‘3 4 5 6 7 8 9 10
\
k yl f

~,

.0877 . %511 .8910 .8090 .7071 .5&i8 .4540 .3090 .1564 0 2#
z \\

;.
. —. \ -c

1 VaIUMof k M toptobe usedWith valuesof m fit left side; wdues of k at bottom to be usedwith WJ.NS Ofm atrightside.
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TABLE 11.—IXDUCED-.<NGLOFO4-.4.ICKICK MULTIPLIERS x.* FOR SYMMETRICAL LIFT DISTRIBUTIONS .A_i.i.D ~=k FOR

.$XTISYMIIETRIC.M LIFT DISTRIBUTIONS
. .

I Multipliers L=k I

I

r(-,ferences 7 and 8, rmpcctiTeIy, but no derivation is given

Wfprence 4 for VUIUCS of r=~, 1~, and ~~. .~ ~sp~ction of
t~hles I and 11 shows that positire vaIues occur only on thr
{Iiagonal from Upp(m left. to lo>ver right ~nd that almost half
of tbe values are equal to zero. The multipliers d~k and kfi~
may be used with either nonlinear or linear section lift data,
}vhei-eas the multipliers for ~mkmay be used only with linear
section lift data.

The method of detertig the lift distribution becomes
onc of successive approximations. .For a. gken geometric
atlgle of attack, a distribution of c; is assumed from which
tl~e. load distribution c~c)b is obtained. The induced angle
of zttack k then determined by equation (6), (9), or (11)
through the use of the. appropriate multipliers and sub-
tracted from the geometric angle of attack to gi-re the
effective tm.gle of atttick at each spanwise station. From

—

.

-.

....__

—

section data for the appropriate airfoiI section and Iocal
Reeynolds number, values of Ct are read m-hich correspond
to the effective angle of attack of each section. If these
vaIues of Ct do not a=mee with those originally assumed, a
second assumption is made for et and the process is repeated.
Further assumptions are made until the assumed -dues of
c1 are in agreement with those obtained from the section
data.

WIXG CHAR.kCTERIST3C!S

Once tk lift distribution of a wing has been determined,
the main part of the problem of calculating the wing ck~ ‘-
acteristics is completed. The induced-drag and induced-
yaw-ing-moment coef3kients are entidy dependent upoD
the. lift distribution a~d it is tissumed that the section profile-
drag and pit rhi~g-mornent codlicie.nts are the same func-
tions of the lift coefficient at. each section of the wing as
those determined in two-dimensiomd tests. -.
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The ca]cuktion of each of the wing coefficients invoIves
a spanwise integration of the distribution of a particukw

()
function j ~ . This integration can be performed numeri-

cally through the use of additional
are found in the following manner.

If

sets of multipliers which

Of ‘} =f(cos 8) =X4. sin nt?

then

; A,s—

()Since the vtilues of j ~ are determined at the points @=~J

Al can be found by harmonic analysis as in equation (/i)

Therefore

(13a)

()2y-The moment of the distribution f ~- can be found in a

similar manner

J:l@)(%)@)=J
7 (Z A%sin no) sin 8 cos 6 d8

: A,=—

‘g glf (?). ‘in?

(14a)

where
27n7r

‘“=i% T

(2’).=-%0..7If the distribu~ion is antisymmetricaI, j –b-

J:lf(%)(?)’(’#)=&:Y(2f)m.mQ (~4~,

wh me
Urea= Zffm

J7aIues of q~, q~,j am, an d um. are given in table 111 for r=20.

TABLE 111.—WING-COEFFICIENT !rfULTIPLIERS

I 23
b

I

-0.9877
–. 9511
–. g910
–. 8090
–, 7071
–. 5878
-.4540
–. 3090
–. 1564
0
.1564
.3090
.4540
.5878
.7071
.8030
.8910
.9511
.9877

I

19 0:yo: .
;; .03006
16 .04615
15 .05554
14 .06354

.06998
4: .07470
11 .0i757
10 .07854

.07757
: .07470

.0S998
: .W354

.05554
: .04616
3 .030G6
2 .02427
1 .01229

~m.

0.07854
.15516
.14939
.13996
.12708
.11107
.09233
.07131
.04854
.02457

cm! cm.

-o. Elooi
–.01154
–. 015s9
-.01367
–. 0106<
–. 01867
-,01589
–. m154
–. 03007
0 0
.00607 .01214
.01154 .02.208
.01589 .03177
.01867 .03735
.01964 .03927
.01867 .03735
.01589 .03177
.01154 . 0230s
. OG607 .012.14

I

Wing lift coefficient.-The wing lift coefficient is obtained
by means of a spanwise integration of the lift distribution,

For asymmetrical lift distributions

For symmetrical lift distributions

(15a)

(15b)

Induced-drag coefficient .—The section induced-drag Co-

efficient is equaI to the product of the section lifL coefflcien~
and the induced angle of attack in radians,

The wing induced-drag coeficient- is obtained by means of
a spanwise integration of the section induced-drag coefficient
multiplied by the Iocal chord,
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For asymmetrical lift distributions

For symmetrical lift distributions

(168)

(16b)

Profile-drag coefficient.-The section profile-drag coef&
cient can be obtained from section data for the appropriate
airfoil section and local ReynoIds Dumber. For each span-
wise station the pro fiIe-drag coef%cient is read at the section
lift coefficient previously determined. The wing profile-
drag coeffkierit is then obt~ined by means of a spanwise
integration of the section profi~e-drag coefficient multiplied
by the Iocal chord,

For asymmetrical lift distributions

For symmetric

)Co+ (C.. $ ~ n. (17a)

lift. distributions

(1ib)

Pitching-moment coeEcient.—The section pitching-moment
coefficient about its quarter-chord point can be obtairied
from section data for the appropriate airfoiI section and local
Reynolds number. For each spanwise station the pitching-
moment coefficien~ is read at the section lift coefikient
previously determined and then transferred to the wing
reference point by the equation

Cm=c,“.,4–: [c, Cos (a,–at)+cdo sin (%-a,)]

–: [c, Sin(a.-ai)-cdo Cos(a,–c%)] (18)

~vhere x and z are measured from the wing reference point to
the quarter-chord point of the section under com<ideration,
and upwtird and backward forces and distmces are taken
as positive. The section pitching-moment co&cient about
its aerodynamic center may be used instead of cngl~,in which
ease z and z are measured to the section aerodynamic center.
The term c~Osin (a,–a,) may usuaIIy be pegIected. The
wing pitching-moment coefficient is obtained by the spanwise
integration

Pm= ~, [’:ec.clIy
a.

.+yfg’)d($?)

For asymmetrical lift distributions

For symmetrical Iift distributions

(19a)

(19b)

Rolling-moment coefficient.-The rolling-moment coe&i-
cient is obtained by means of a spanwise integration

J
bf2

c,= –~ _b/2cl Q! @

‘-H:%?’(3

= –~ ;:, (y)m ~. (20a)

For m antisymmetrical lift distribution

;– I

()c,= –x-l ~g, ‘y CTma
m

(20b)

Induced-yawing-moment coef5cient, -The induced-
yawing-moment coefficient is due to the moment of the
induced-drag distribution,

(21)

The induced-yawing-moment. coefficient for an antisymmet-
rical lift distribution is equal to zero and has little meaning
inasmuch as the Iift coefficient is also zero. The induced-
yawing-moment coefficient is a function of the Lift and rolling-
moment coefficients and must be found for asymmetrical
lift distributions.

Profile-yawing-moment coefficient.-The
moment coefficien~ is due to the moment of
distribution,

pro file-yawing-
the profile-drag

APPLICATION OF &lETHOD USING NONLINEAR SECTION LIl?~
DATA FOR SYN1&tETRICALLIFT DISTRIBUTIONS

The method described is applied herein to a wing, the
geometric characteristics of which are given in table IT’.
Only symmetrical lift distributions are considered hereinafter
inasmuch as these are believed to be sticient for illustrating

$
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TABLE IV.-GEOilETRIC CH.LR.4CTERISTICS OF EXAMPLE IVING

Taper ratio, cJct . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
.ks~cct ratio, A.. -. . . . ----------------------------------------------- 1050~

Root Se:tioD... .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..- NAcA 4*2o

Spin, b,ft............................................................... ........... 15.00
T@ Wm .... .............................................................. NAC.4 4i12

Area, S, sq ft . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..= . . . . . . . . . . . . . . .._ 22.39
Geometric twist, ,,1deg... . . . . . . .._ . . . . . . . . . . . . . . .._.. _. . . . ..-.~. . . . .._.. .- . . . ----- –aso

Root chord, c,, ft . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ...=.- L14Z
Aerod]mmnic twist, c{, deg. . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . -3.40

iferm geometric chord, ?, ft. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..~....~ 1.493
Edge veIocity factor, E . . . . . . . . . . ..-.. _. . . . . . . . . . ..---. -- . . ..-~-..----==-_.y ---------- 1.!J44

kteanaerod~amic cbord, c’, ft . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..- 1.592
WifigReynoldsn umber, R ......................... .................~.~... ...-3.48x1O$
m[o,deg ... . . . . . . -------------------------------------------------------------------- –s.90

[ Zy

4

i R c
: “1- : “g”- 11, EE !- c,deg - ,,fJ,g [ ‘--

i~
y z ?. b St

—

o 0.20D L?OX1O6 , 1.0020 0.1429 1.435 1.93.2 0.0969 0.01385 0 0 0

.1564 .195 4.26 - .9062 .1295 1.300 1.586 .- .0973 .01260 .Q090 –. 24 –.235

.3090 .1s8 3.g3 .8146 .1104 1.169 1.2s2 : .097s .01138 .1517 –. 53 –. 510
——

.4540 .180
-.—

3.42 .7276

+ ‘- “_

loio 1.0M 1.022 ‘- .09s4 .01023 .2436 -.87
——

–. 839

.5878 .171
—-—

3.04 .6473 .0925 ‘- .929 .so~ -~ .0991 .00917 .3632 –1.27 –1.235

.7071 .161 ~ 2.70 .5757 ois23 .326 .640” .0999 .oog22 .4913 –1, 72 –1.670

.8090 .150 2.42 .5140 .0735 .739 .512:

I

.1007- .00740 628S –z 20 –2. 133

.8910 ,139 2.lg .4654 .0665 .66g .418 - ,1014 .0C16~4 .7658 –2. 68 –2. 604

.9511 .129 2.62 .4293 .06s3 .616 .356 . .1020 .00625 8g62 -3.10
.—— —

-3.013

.9877
:.

~ ,,22 , 1.44 .3061 .0437 .439 .181 .1021 .00446 .96!s -3.30 -3. 2Q7
:

For tapered wings with straight-lineeIements from root to construct }ontip:

I I
] (.!lteraluesofc/c.neartiptoaIlo,vforromdhg) (Use value of C[C,be[are rounding tip.)

tllenlet I)oclofcaIculatiorl. TIlelift,p rofiIc-drag,a ndpitcllillg-
moment coefficients for the various wing sections along
t}w span were derived from unpublished airfoil data obtained
in the Langley t}vo-dimcnsiontd Iow-turbulence pressure
tunneI. The original airfoiI data were cross-plotted against,
Reynolds number and thickness ratio innsmuch as both
varied along the span of ~he wing. Sample curves are given
in figures 1 and 2. From these plots the section character-
istics at the ~-mious spanwise stations were determined and
plotted in the convent iond manner. (See fig. 3.) The
edge-velocity factor -?7,derived in reference 9 for an elliptic
wing, has been appliecl to the section angle of tittnck for
each value of section lift coefficient as follows:

LIFT DISTRIBUTION

computation of the lift dktribut,ion at an angle of attack

of 3° is shown in table V. This table is designed to be used
}vhere the rnu]t implication is done by means of a slide rule or
simple calculating Inachine. Where calculating machines
capable of performing accumulative multiplication are zvail-
able, the sptwes for the individual products in columns @
to @ may be omitted and the table made smaller. (See
tables VII and ~111.) The mechanics of computing are
explained in the tatie; however, the method for approxi-
mating the lift-coefficient distribution requires some explana-
tion. The initially assumed lift-coefficient distribution
(coIumn @ of first division) can be taken as the distribution
given by & geometric angles of attack but, it is best deter-
mined by some simple method which will give a close approxi-
mation to the actuaI distribution. The initial distribution
given in tabIe ~ was approximated by

where et ~ml is the lift coefficient rend from the section curves

for the geometric tingles of attack. This equation weigh~$

the lift distribution according to the avwage of tho chord
distribution of the wing under consideration tind that of an
elliptic wing of the same aspect ratio anil span. Whwl
the lift dist ribut.ions at scveraI angles of at LM*ILare to be
computed and after they have been obtained for t,]vo angkw,
the initially assumed c1 distribution for subsequent angles
can be. more accurately estimated in the following manner:
values of downwash tingle are first. estimated by exha-
polatiug from -ralues for the preceding }ving tingles, and
then, for the resulting effective angles of attuck, the lif~
coefficients are read from the section curves.

The lift coefficients in column @ of table Y, read from
section lift curves for the effective tu~gles of attack, will
usmdly not check the assumed values for the first apl)roxima -
tion. In order to select assumed values for sutxwquen t tip-
proximations, tIw following simple method has been found
to yie]d satisfactory results. An incremental value of lift
coeflkient Acl~ is obtained according to the follo]viug rckttion

Act =(@–@).-l+3(@–@) .+(.@ –@).+1
m K

where circIed numbers represm t column numbers in t .zblc V
and where K has the following vaIum at the sptmwiso
stations

Oto 0.8910 ‘sto 10
.9511 11to 13
.9877 14 to 16

and (Q— ~)~ is the clifference bet~vwn the check and as-
sumed values for the mth spanwise station. The incre-
men tal values so determined are added to the tissumed vtilucs
in order to obtain new assumed values to be used in the nest
approximation. This method has ‘own found in practice
to make the check and assumed -dues converge in about
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[a) Lift.
(b) Drag.
(c! Picchbg moment,

FI,;CREI.—Vari&tion of chxmtwistics of NACA 4421airfoil with Reynokk number.
(Similar curves plotted for ewh thickne~ ratio.)

three approximations if the first approximation is not too
much in error.

WING CO~~ENTS

C’onlputations of tbe wing lift, profile-cka~, induced-drag,

and pitrhing-moment coefficients are shovm in t~ble VI.
Since the lateral axis through the wing reference point con-
tains the quarter-chord points of each section, the x and z
distances in equation (18) are zero, and the pitching-moment

tr’c
(a) Liit,.
(%)Drw.
(c)Pitching moment,

FKUKE 2.—VwMf0u of chm-~+xistics of N.AC.\ Wseries tifoil with thickness cat io.’

i+=4.iOX 10~;2+=0. (Nmilar curres plotted forReynoldsnumbers corresponding m ezch station.)

coel%cient of the -wing is determined solely b~~ the vaIues
of cm ,ke -.

APPLICATION OF JIETHOD USING LINEAR SECTION LIFT
DATA FOR SY&lNIETRICAL LIFT DISTRIBUTIONS;

-ilthough the method deseribml herein was developed
particularly for use with nonlinear section lift data, it is
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readily adaptable for use with linear section lifi data with a in taMes WI to X for the wing, the geometric Characteristics
resulting reduction in computing time as compared with of which were given in table I.~T.
most existing methods. Whm t,he section Iift curves can be It. should be noted that tubles J~IJ. and YIII arc essentially
assumed linear, it is UST..MI1.Yconvenient to divide any the same as table IT but are designed primarily for use with
symmetrical lift distribution (as in reference 10) into two calculating machines capable of p~rforrning accumultitivo
parts—the additional lift distribution due to angle-of-attack multip}icat ion. If stw~ machines arc not avai}abk?, these
changes and the basic lift distribution due to aerodynamic tables may he constructed similar to table ~ to allow spaces
t}vist. The calculation of these lift distributions is illustrated for writing the individual products.

0- 0 0 0 0 u 0 0 0
Effec five ungfe of of fuck, CG

(a)Lift.

FKJUEE3.—Section characteristics ofexample wing.

.008 .012 .0[6
o 0 0 0 0 0 0“0 -o

Section pro fi[e-draq coe i%uknfi cd,

(b) Drag.

FIGURE3.–Continued
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LIFT CHARACTERISTICS

Two Mt distributions are required for the determination

of the additional and basic lifh dktribut.ions. The first one

k obtained in table VII for a constant angle of attack
(e’ =0) and the second one in table YI1l for the angIe of
attack distribution due to the aerodynamic twist (cY=, =O).
The chwk values of c,c/b (column @) arc obtained by multi-
plyimg the effective angle of attack a. by a~~lb. The final

approximate ions are entered in table IX as (c~’)(d~,) and

ClC”’
(,–)b (,,7’

Tl~e (~;~)(.a,) distribution is the additional lift distribu-
.

tion corresponding to a wing lift coefficient CL<e=~~ determined

in table I~X through the use of the multipliers q~~. It is

usually convenient to use the additional Life distribution

Ci=lc
b

—._ corresponding to a wing lift coefficient of unity. This

distribution is found by dividing the values of (c~~(aa$)

by CL(-=,]. ,

The (,C+C)(6,,)distribution is a combination of the basic

lift distribution and an additional lift distribution corre-
spondi~g to a wing lift coefficien~ CL~,f,) also determined in

table IX. The basic lift distribution C$ is then determined

–Concluded.

by subtracting the additional lift distribution ~ ~L(cfl)

()from CLC
b (v)’

Inasmuch as the wing lift curve is assumed to be Iinear,
it is defined by its slope and angle of attack for zero Iift
which are also found in table IX. The maximum wing lift
coefficient is estimated according to the method of refer-
ence 10 which is illustmted in figure 4. The maximum lift
coefficient is considered to be the wing lift coefficient a~
which some section of the wing becomes the firsti to reach
its maximum lift, that is, cr~+ CL cz=l=cz~=. This vaIue of

CLis most conveniently determined by finding the minimum
c lna=— c lb

value of along the span as illustrated in table IX,
c1=1

INDUCED-DRAG COEFFICIENT

The section induced-drag coel%cient is equal to the prod-
uct of the section lift coefficient and the induced angle of
at~ack in radians. The lift distribution for any wing Iift
coefficient is

The corresponding induced angle of attack distribution may
be m-ritten as

a{=~~=lCL+ff{& (24)

SS3026—50--’i
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TABLE VII.—CALCUIJATION OF LIFT D1STR1I3UTION FOR EXANIPLE WING FOR .’=0
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T.kBLE 1X.—CALCULATION OF LINEAR LIFT CHAR.LCTERISTICS FOR EXAMPLE \VING

[A= IO.05;a.,=10.00;mO,=-3.90]
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T.kBLE X. —CALCUL.~T1ON OF INDUCED-DRAG COEFFICIENT FOR EXAIIPLE R’lN G

[.4=13.05;~q%) =0.833:c~(f’f)= –0.079]
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o 0.07854 , ~o~o I ~,74 -0.195 , 0.4050.210 0.1323 0.0070 0.3273 0.072f 0.0731

.1564 [ .15515 I 1.602 I Iii .085 –,L52 I .2$7 :’269 { ‘:: ~ ::: ~ ::5

.3090 - .14939 L377 I 1.653 .009

. –+ ‘

–.131 .110

.4540 .13996 L 203 1.44”5

.5878 .12708 1.102

-.0,5 ./ -.,14 ,- .;,” ‘ ::

1.395 ~. ~ -.ffo “- -—–.097 .097$

.7071 I .11107 L218 1.463 –.116 –,215
RF 3

.0S87 /-‘-.0912 .1268

.8090 I .09233 1.492 1.792 –.550 yl~ ‘——
——

——
.8910 .07131 I z 111 2.535

,0759 [ -.0251 \ .1361 ! -.of19 ~ .0127

–.83o I -.~o ]-t===l-7i=l=7=t==-
.9511 .04854 [ 3.399 -X22 I -,.0,, I .0,’33 I --.0,65 j .2,,2 I -.0773 f .0?67

——
4.081 –1. 351

—

-.

.-
1..1 I L 1

I
I I I I I 1

clJi=(A~@)cLi+( A-))~L+Az’@x@) 57.3—
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.-

The values of atcl and a~h arc determined in table ~ in the

same manner as c~$ and ~ in table Ix. The induced-drag

distribution is therefore

~dtc _c~c a{~=~ 573 ~

where

C%=IC c~~leff~=1——. - —.
b b 57.3

(26)

(27)

and

(28)

The calculation of each of these induced-drag distributions

is illustrated in table X togetl~er w’itlL tk numerical inte-

gration of each distribution to obtain tile Wing induced-drag

coefficient.

or

(25)
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.$mmw.se s?aticq ~y~b

Flr;r:EE 4.– Esttiiou of C’LWZ=for ewmpIe Ffmg. (CL===escinMed to be 1.37.)

PROFILE-DRAG AKD PITCFLIX-G-MOMEXT COEFFICfESZS

The profile-drag and pitc!ukg-momen~ coefficients for the
iving depend directIy upon the section data and therefore
their calculation is the same whether linear or nonlinear
section lift data are used. For the linear case the section
lift coefficient is

CL=C[alCL~c10

for any wing coefficient C.. By use of this value for c1
the profiIe-clrag and pitching-moment coefficients are founcl
as in table 1’1.

DISCUSSION

The ckaraeteristics of three wings

91

with symmetrical lift
distributions ha~e been calculated ~y use of-both nonlinear
and Iinear section lift data and are presented in figure 5
together with experimental results. These data were take~
from reference 11. The lift curves calculated by use of non-
linear section lift data are in close agreement with the
experimental results over the entire range of lift coefficient,
whereas those calculated by use of linear section lift dtita are
in ab~eement only oFer the linear portions of the curves as

would be expected.

lt must be remembered that the methods presented are

subject to the limitations of lifting-line tkory upon -which
the methock are based; therefore, the close agreement shown
in ilgure 5 should not be expected for wings of Iow aspect
ratio or Iarge sweep. The use of the edge-velocity factor
more or less compensates for some of the effects of aspect
ratio and, in fact, appears to overcompensate at the larger
~aIues of aspect ratio m sho~vn in figure 5.

Additional comparisons of calculated rind experimental
cIata are given in reference 1I for -rings with suymmetrica~
Lift distributions, but very little comparable data are avcd-
able for -wings with asymmetrical Iift distributions. such
data are -rery desirable in order to determine the reliability
with which calculated clata may be used to predict &~pmi-
mental -wing characteristics.

LAXGLKT LIEMORIAL .IERONAUTICAL LABORATORY,

NATIONAL -IDVISORY COMMITTEE FOR -lEROXAUiCS,

LLXGLEY FIELD, X-A., December 20, 19J6.
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